We study the massless scalar, Dirac and electro-magnetic fields propagating on a 4D-brane, which is embedded in higher dimensional Gauss-Bonnet space-time. We calculate, in time-domain, the fundamental quasi-normal modes (QNMs) of a spherically symmetric black hole for such fields. Using WKB approximation we study QNMs in the large multipole limit. We observe also a universal behavior, independent on a field and value of the Gauss-Bonnet parameter, at asymptotically late time.
I. INTRODUCTION
Last years, higher dimensional gravity have been studied in the context of solving of the hierarchy problem [1] . One of the possible scenarios is that the Standard Model particles (scalars, fermions and gauge bosons) are restricted to live on the 3 + 1-brane, which is embedded in the higher-dimensional bulk, while the gravitons can propagate also in the bulk. We could detect this phenomenon by creating mini black holes at particle collisions in Large Hadron Collider (LHC), probably at energies of ∼ 1T eV [2] . The creation of these black holes, and thus the existence of additional dimensions, can be confirmed by observing secondary effects, such as Hawking radiation or quasi-normal ringing [3] .
Higher dimensional quantum gravity implies corrections to classical general relativity. The dominant order correction to the Lagrangian is called the Gauss-Bonnet term. This term is squared in curvature and vanishes for D = 4. Recent years, black holes in the Einstein-GaussBonnet theory [4] have been extensively studied [5] . Such black holes were found to be unstable for D = 5, 6, when the Gauss-Bonnet parameter α, measured in units of the horizon radius, is large [6] . This fact suggests that the first correction to the Lagrangian is not enough to describe very small black holes properly. Yet, we are able to study black holes if α is small. The Gauss-Bonnet approximation provides also qualitative information about the influence of the Gauss-Bonnet term, when α is large.
One of the most important properties of any black hole is its quasi-normal ringing. Being independent on an initial perturbation, the quasi-normal oscillations are functions of the black hole parameters. These oscillations decay exponentially with time and are conveniently described by a set of complex frequencies. Their real parts are the actual oscillation frequencies, while the imaginary parts correspond to the damping rates. The quasinormal spectrum observation allows not only to detect black holes, but also to evaluate their parameters. That is why the quasi-normal ringing was extensively studied in the context of higher dimensional theories [7] . The gravitational perturbation and thermodynamical properties of black hole solutions in some of the brane world scenarios were studied in [8] . The quasi-normal modes of Gauss-Bonnet black holes were studied for the test scalar field [9, 10] and for the gravitational perturbations [11] .
While the quasi-normal ringing of the brane-localised Standard Model fields, has been studied for ReissnerNordström, Schwarzszchild-(anti)de Sitter [12] and Kerr black holes [13] , the influence of the Gauss-Bonnet term on the quasi-normal spectrum is still unknown, though it is significant for the black holes created by particle collisions [14] . The aim of our work is to fill this gap. We perform a complete numerical analysis of the evolution of the brane-localised Standard Model fields near a Ddimensional Gauss-Bonnet black hole with D = 5 − 11 in order to study their quasi-normal ringing and late-time tails.
The paper organized as follows. Sec. II introduces the metric for Gauss-Bonnet black holes and the wavelike equations for the brane-localised fields. Sec. III describes the method of time domain integration used here and presents the numerical results. In Sec. IV we study the quasi-normal spectrum in the large multipole limit. Finally, in Sec. V we discuss the obtained results. * Electronic address: zhidenko@fma.if.usp.br
II. BASIC EQUATIONS
The Lagrangian of the Einstein-Gauss-Bonnet action is
Here α ′ is a positive coupling constant. The spherically symmetric stationary solution of corresponding Einstein equations is a Gauss-Bonnet black hole, which is given by the metric
where µ is proportional to the black hole mass, α = 16πG D α ′ . In order to measure all the quantities in terms of the black hole horizon radius r 0 , we parameterize the black hole mass as
Since we study small black holes within large extra dimensions scenarios the effective metric background for the Standard Model field propagation on a 4D-brane is given by the projection of the higher-dimensional one onto the brane by fixing the values of the additional angular coordinates that describe the D − 4 extra space-like dimensions [15] . Thus, we assume that the metric on the brane has the form
The massless scalar field Φ, the massless Dirac field Ψ and the Maxwell field A µ satisfy the equations of motion in curved space-time, described by the metric (4):
After the separation of radial and angular variables the radial part of the fields equations of motion are reduced to the wave-like equations of the form
where
is the tortoise coordinate.
The effective potentials are given by
for the massless scalar, massless Dirac and Maxwell fields respectively. Indices l and κ ± parameterize the angular separation constant. Since the effective potentials V D± are isospectral we consider only the "plus" case [16] . Fundamental quasi-normal modes of the Gauss-Bonnet black hole for the test scalar field localised on the 4D-brane (l = 1). All quantities are measured in units of the radius of horizon. The first line (α = 0) data are taken from [13] . TABLE II : Fundamental quasi-normal modes of the Gauss-Bonnet black hole for the massless Dirac field localised on the 4D-brane (κ = 1). All quantities are measured in units of the radius of horizon. The first line (α = 0) data are taken from [13] . 
III. THE EVOLUTION OF PERTURBATIONS IN TIME DOMAIN
We study the ringing of GB black hole using a numerical characteristic integration method [17] , that uses the light-cone variables u = t − r ⋆ and v = t + r ⋆ . In the characteristic initial value problem, initial data are specified on the two null surfaces u = u 0 and v = v 0 . The discretization scheme we used, is Fundamental quasi-normal modes of the Gauss-Bonnet black hole for the gauge field localised on the 4D-brane (l = 1). All quantities are measured in units of the radius of horizon. The first line (α = 0) data are taken from [13] . where we have used the following definitions for the points: N = (u + ∆, v + ∆), W = (u + ∆, v), E = (u, v + ∆) and S = (u, v). The final C++ programm that finds the time-domain profiles with arbitrary precision is available upon request.
We decompose the perturbation evolution profile into a set of damping oscillation
so that negative imaginary part of the complex frequency ω corresponds to the damping mode. In order to check that the numerical accuracy is good enough, we repeated the integration procedure with smaller ∆ and higher numerical precision. As a result, we obtained the same picture of the perturbation evolution, which means that the result is correct within required precision. The accuracy of the QNMs values we present is limited by finite time of the quasi-normal epoch, rather than precision of the numerical integration. Another way to check our calculation is going to the limit of α = 0 in which we must get the Schwarzschild black hole projected on a brane. From the tables I, II, III one can find that the first line values, taken from [13] , are close to our results for small α.
We see that the oscillations decay faster for higher D as well as it was found for the pure Schwarzschild black hole [12]. The Gauss-Bonnet term causes the perturbations to decay slower. Note, that the same effect takes place for the D-dimensional scalar field [9] and for the gravitational perturbations [11] of the D-dimensional GaussBonnet black hole. The real part of the quasi-normal frequencies has a more complicated behavior: for D = 5 it decreases as α grows, but for higher dimension cases it starts growing first and then decreases after some value of α is reached. This value of α depends on D and the perturbed field.
Since the Gauss-Bonnet solution supposes α to be small, we considered mainly the region α ≤ 0.2, which is suggested by the limit of stability of the Gauss-Bonnet black hole in the 5-dimensional space-time. Yet, figure  1 represents qualitatively the fundamental frequency behavior for larger α.
Despite the real part changes its behavior, the quality factor Q = 1 2
Re(ω)
Im(ω) increases as α grows for all fields and all values of D. This takes place also for larger α ( see FIG. 2) .
The spherically symmetric perturbation of a scalar field localised on a 4D-brane is more difficult to study, because the time of the quasi-normal ringing epoch happens to be of the dominant oscillation period order (see 0065i FIG. 3) . That is why we were unable to calculate the oscillation frequency with a good accuracy. Also, we cannot distinguish the modes that decay with almost the same rate. Yet, we can conclude that for some α two dominant oscillations reach almost the same imaginary part (see Table IV ). The same feature has been recently observed for the scalar type of the gravitational perturbations of the D-dimensional Gauss-Bonnet black hole [11] .
As for the ordinary fields in higher dimensional spacetime, the quasi-normal ringing epoch is followed by the asymptotical tails with power-law decay with time. From the figure 4 we can see that the decay law is the same for the tails of different field perturbations and different α. These tails are universal and depend only on D and l. The higher D or l is the quicker decay of the tails we observe. We found some time-domain profiles for different D and l (see for instance FIG. 5) and conclude that their decay law is
which is different from that for fields in higher dimensional space-time [9] and can be described by the same analytical formula for odd and even values of D.
IV. QUASI-NORMAL MODES IN THE LARGE MULTIPOLE NUMBER LIMIT
Using the WKB formula [18] one can find the large multipole limit for the QNMs of electromagnetic or scalar field perturbations
where R is the point where the effective potential reaches its maximum when l ≫ 1. R satisfies the equation
For small α R can be expanded as
Substituting (15) into (14) we find the coefficients
. . .
Then (13) reads
For perturbations of Dirac field we obtain
−iΩ I ((1 + αB 1 + . . .) n + 1 2 + O 1 κ ± .
After some algebra we find [12] Ω R = 1
Therefore, as it usually happens for higher dimensional black holes, the quality factor decreases with D
The corrections of the first order of α are given by
Thus we conclude, that, at least for large multipole numbers, the real and the imaginary parts of ω decrease their absolute values with α for sufficiently small α. We see, thereby, that for large multipoles the dependance of the imaginary part on α is basically the same as for small ones. Since B 1 ≪ A 1 for D ≫ 1 the real part of ω decreases much slower. We have seen that for small l this effect is suppressed by the correction of O(l −1 ), implying a complicated dependence on α.
V. CONCLUSION
We have studied the evolution of massless fields localised on a 4D-brane in the exterior of D-dimensional black holes in Gauss-Bonnet theory for D = 5..11. We have found the dependance of the quasi-normal frequency on the Gauss-Bonnet coupling parameter α. We conclude that, if we take into account α, the damping rate is decreased and, thereby, the black hole appears to be better oscillator. This effect could be significant for small black holes, giving us a possible opportunity to evaluate the number of extra dimensions and the Gauss-Bonnet parameter if we were able to detect quasi-normal ringing from mini black holes, produced by LHC.
The asymptotically late time tails do not depend on the field spin and the Gauss-Bonnet parameter. They decay according to the power law, which depends only on the number of extra dimensions and the multipole number.
